Simulations of the longitudinal instability in the 50 GeV 3 50 GeV muon collider ring have been performed. Operation of the ring close to the slippage factor h 1 Ӎ 10 26 , such that synchrotron motion is frozen, minimizes the need for rf to maintain the bunch length. However, there is still an energy spread due to the bunch wake. For design parameters of the ring, this induced energy is too large and must be controlled. This paper demonstrates that the bunch wake may be compensated for by two rf cavities with low rf voltages. These studies were made at the nominal design point, and sensitivities to errors were explored. It is seen that the small energy spread of the beam (dE͞E 3 3 10 25 ) in the 50 GeV 3 50 GeV muon collider ring can be maintained during the 1000 turn lifetime of the muons. Controlled beam dynamics requires proper choice of rf parameters (rf voltage, rf frequency, and phase offset) for two cavities; these parameters depend on the ring design through the impedance, beam pipe radius, and momentum compaction. The simulation also shows that the computation of wake field using bins of variable width (each with a constant number of macroparticles in each bin) gives an accurate wake and also yields reduced computing time compared to an evaluation of the wake as the direct sum over the wakes of all preceding macroparticles. [S1098-4402(99) 
I. INTRODUCTION
In earlier papers [1] [2] [3] , the longitudinal dynamics in muon collider rings was studied numerically with a multiparticle tracking code. The longitudinal force on the muons in the ring was modeled as consisting of two components, one from an rf cavity and the other from the wake field generated by the interaction between the beam and discontinuities of components in the ring. The wake was approximated by a broadband impedance and muon decay was included. Several single bunch collective effects in a 2 TeV 3 2 TeV muon collider ring were examined. This paper presents investigations of the longitudinal dynamics in a 50 GeV 3 50 GeV muon collider ring. The critical design parameters of a 50 GeV 3 50 GeV muon collider ring, from the viewpoint of collective effects, are (i) the bunch has a large charge (N 4 3 10 12 ), (ii) the bunch length is long (s z 13 cm) compared to the pipe radius (a few centimeters), and (iii) the beam energy spread is very small (s d 3 3 10 25 ), as is the slippage factor (h 1 Ӎ 210 26 ). The muon has a lifetime, t m Ӎ 1.1 ms at 50 GeV, corresponding to 1000 turns in the ring with a circumference ͑C͒ of 300 m [4] . The need to minimize rf voltage leads to h 1 210 26 and a synchrotron oscillation period much longer than the storage time. These parameters are summarized in Table I . The small slippage over the storage time leads to dynamics similar to that in a linac. The large bunch charge induces, through the wake field, an undesirable head-to-tail energy spread. Maintaining an intense beam with a low energy spread provides a challenge to the ring design.
In this paper, we present a means of controlling the longitudinal dynamics in the 50 GeV muon collider ring. That is, to limit rf, one operates the ring close to the transition (h 1 10 26 ) such that the synchrotron motion is frozen in the storage time, and uses two rf cavities to compensate for the ring impedance arising from beam and ring structures. In this way, the wake voltage resulting from the intense bunch is canceled out by the two rf voltages. Since the beam intensity decreases due to the muon decay, rf voltages must also vary in time.
The utility of the simulation depends on the ability to calculate a sufficiently accurate wake without excessive computation. We have implemented a binning scheme to calculate the wake. Various approaches to accurately describe wake fields have been implemented in several simulations [5, 6] . In the simulation for a 2 TeV muon collider ring, with a characteristic bunch frequency (c͞s z ഠ 100 GHz) higher than the resonant frequency used in the broadband impedance model, the wake field was obtained by using a d wake function evaluated for 1000 macroparticles [1] [2] [3] . This method is impractical (requiring too many macroparticles) for the 50 GeV muon collider ring, where, in contrast to the 2 TeV design, the characteristic bunch frequency is much less than the resonant wake frequency. In the present code, the wake is calculated by summing the wakes from bins of variable bin width in front of the particle and d wakes from preceding particles in the same bin. We performed tests for this method to calculate wake, and found that it gives the desired accuracy and a substantial reduction in computing time when compared to the wake calculation using unbinned macroparticles. Using these techniques, we demonstrate stable longitudinal beam dynamics for the required design parameters of a muon collider Higgs factory. This paper is organized as follows: In Sec. II the computation of the wake field model and macroparticle equations are derived. An example in which the bunch wake is compensated for by one and two rf cavities is presented in Sec. III. Section IV is devoted to sensitivity studies. A discussion and our conclusions are given in Sec. V.
II. THE COMPUTATION OF THE WAKE FIELD AND MACROPARTICLE EQUATIONS
The wake generated by a beam interacting with discontinuities of components in the ring is approximated by a broadband impedance with quality factor of the order of unity. The longitudinal wake function W 0 0 ͑z͒ for a broadband impedance is given by [7] 
where
C͞L is the quality factor, w R 1͞ p LC is the resonant frequency, and R s is the shunt impedance. For the broadband model, Q 1 and v R c͞b, where b is the vacuum pipe radius. The more common impedance Z k ͞n h ͑2pb͞C͒R s . Here C is the ring circumference and n h is the harmonic number.
In the earlier simulations [1] [2] [3] , the wake field W ͑z i ͒ at the ith macroparticle on any turn n was calculated as a sum of d wake functions
where N b is the number of particles in a bunch, N p is the number of macroparticles, g E 0 ͞m m c 2 , and r 0 e 2 ͞m m c 2 . The second term in Eq. (2) is the wake generated by the macroparticle itself. In trying to obtain an accurate wake field by use of Eq. (2), beams with long bunch length require many macroparticles. Since the number of operations to evaluate Eq. (2) is proportional to N 2 p , this method is less desirable with long bunches. To reduce the computing time, we applied the following method for wake calculations: First, longitudinal positions of the macroparticles are binned with a constant number of particles in each bin. This results in bins of variable bin width. The position of each bin is given by the average position of the macroparticles inside the bin. The wake from macroparticles in preceding bins is calculated as arising from a single macroparticle (with properly enhanced charge) located at that bin position. Second, the interaction between macroparticles existing in the same bin is included as d-function wakes. That is, the wake felt by a macroparticle in the ith bin is approximated first by calculating the sum of the averaged wakes from macroparticles in each preceding bin [the first term in the right-hand side of Eq. (3)], and then adding the individual wakes from the preceding macroparticles in the same bin [second term in the right-hand side of Eq. (3)], and finally adding the wake generated by the macroparticle itself [third term in the right-hand side of Eq. (3)],
where N j is the number of macroparticles in the jth bin. Calculation using Eq. (3) is more efficient than using Eq. (2). We used 2035 bins for 44 768 macroparticles in the simulation. The wake field that was thereby obtained showed good agreement with analytical results. The number of bins and macroparticles must be properly chosen, as they depend on ring parameters such as the bunch length and the radius of the beam pipe. The initial longitudinal coordinates of macroparticles are chosen to have a Gaussian distribution.
Macroparticles are tracked in phase space with equations of motion which include kicks by two rf cavities, a longitudinal wake kick, and a drift that depends on the momentum compaction. Each macroparticle i has position and energy coordinates (z i , d i ) and is tracked for 1000 turns. The longitudinal difference equations for the ith macroparticle at revolution number n is derived from its coordinates on turn n 2 1 by
Here, z is the longitudinal coordinate with respect to the bunch center, d dP͞P is the relative momentum error of the particle, h 1 , h 2 , h 3 are the linear and higher order momentum compaction parameters, and C is the circumference of the ring. The rf impulse K rf ͑n 2 1͒ (a negative quantity) due to the two rf voltages is given by
The rf voltages (V rf1 and V rf2 ), rf frequencies (w rf1 and w rf2 ), and rf phase offsets (f 1 and f 2 ) are chosen to compensate for the bunch wake. An example of rf parameters that compensate the wake, for the ring parameters of Table I , are shown in Table II . The factor e 2͓T 0 ͑n21͒͞gt m ͔ in the rf voltages is introduced to compensate the decreasing beam intensity due to muon decay. Here, T 0 is the revolution period.
Numerical example of the compensation of the bunch wake
The synchrotron oscillations are almost frozen during the storage time by the small choice for h 1 . The bunch wake, when uncompensated, causes serious beam energy spread. With two modest rf voltages, the energy spread can be avoided through compensation of the bunch wake. The ring parameters are those of Table I . Figures 1(a) and 1(b) show the beam phase space after one turn and 1000 turns in the case that voltages are not applied to the two rf cavities (V rf1 V rf2 0). It is seen that the phase space after 1000 turns is distorted by the bunch wake. compensated, but, after 1000 turns, the tail particles gain or lose energy from the large rf kick at the longitudinal positions where the bunch wake becomes small. This can be understood from examination of Fig. 2(c Table II , column 2. Figures 3(a) and 3(b) show the beam phase space after 1 turn and 1000 turns when both V rf1 fi 0 and V rf2 fi 0. The beam distribution after 1000 turns is not distorted by the sum of the rf voltages and the bunch wake and the beam distribution remain intact. Figure 3(c) shows the cancellation of the wake by the rf voltages. The rf parameters are given in Table II , column 3. We note that the bunch wake in the 50 GeV 3 50 GeV muon collider ring can be compensated by very low rf voltages. While this cancellation is good, the choice of rf parameters is affected by bunch length, bunch intensity, beam pipe radius, and shunt impedance. Thus, one needs to consider sensitivity to ring parameters.
III. SENSITIVITY STUDIES OF LONGITUDINAL DYNAMICS
In this section, we study the sensitivity of our solution to variations in critical ring parameters. Figures 4(a)-4(d) show the beam phase space after 1000 turns with beam current varying from its design value by 210%, 25%, 15%, and 110%, respectively. The rf parameters are fixed, as given in Table II, n h j to compensate for the bunch wake. The effects of imperfect cancellation become more apparent at the higher impedances. 22 . When d 0 ͑s͒ integrated over 10 3 turns is small compared to s d , the motion of a particle is determined by the magnitude of h 1 . The large slippage dominates the motion and leads to streaming in z motion, as is seen in Fig. 7(c) . and h 1 21 3 10 22 . In the case of large h 1 , and small energy spread, the dynamics is significantly more complicated, as shown in Fig. 7(d) . The resultant phase space after 10 3 turns is summarized as a function of (h 1 , s d ) in Fig. 7(e) . Fig. 7(e) . Figure 9 shows the beam phase space after 1000 turns with variation of h 2 and fixed h 1 21 3 10 26 and h 3 0. Other parameters are as in Table I and Table  II , column 3. Now, the z 0 equation includes a nonlinear term
A. Sensitivity to beam current and j
With two rf cavities used to compensate the bunch wake, the energy does not show significant change after 1000 turns and the motion is a nonlinear streaming described roughly by Eq. (9) with the energies taken as their initial values. We see this in Fig. 9 where the energy spread of the macroparticles is basically unchanged. The nonlinearity of the streaming is noticeable in Fig. 9(c) where, for particles with h 2 . h 1 ͞d͑s͒, the streaming direction is independent of the sign of d, but depends quadratically on its magnitude and on the sign of h 2 . The behavior of the phase space parameterized by h 2 and s d is summarized in Fig. 9(d) . Figure 10 shows the beam phase space after 1000 turns with variation of h 3 and fixed h 1 21 3 10 26 and h 2 0. Other parameters are as in Table I and Table II , column 3. The energy evolution is small due to good compensation, and the position evolves according to where the energy can be taken roughly to be fixed at its initial value. The nonlinear coefficient h 3 becomes important when h 3 . h 1 ͞d 2 ͑s͒. For positive h 3 , the particles with negative d move to the positive z direction and the particles with positive d move to the negative z direction. The parameter space for varying h 3 and s d is summarized in Fig. 10(d) .
IV. CONCLUSION
Longitudinal motion in the 50 GeV 3 50 GeV muon collider ring is investigated with a multiparticle tracking code. A binning scheme is used to enhance the computational efficiency of the simulation and muon decay is included. The operation of a ring with small h 1 , so that the synchrotron oscillation is frozen during the storage time, and with the bunch wake compensated by two low rf cavities, is studied. The wake was modeled with a broadband impedance.
The longitudinal dynamics is seen to be controllable with the proper choice of rf parameters. One cavity can be used to control the motion of the core of the bunch, while a second controls the tails. We studied the role played by important ring parameters in the longitudinal dynamics. Longitudinal motion with compensation of the wake was studied with various slippage factors (h 1 , h 2 , and h 3 ) and values were found above which the bunch lengthened. It was also shown that h 1 , h 2 , and h 3 each show different characteristic behaviors. The sensitivity of the compensation scheme to variations in ring parameters was examined. 
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